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Abstract. The high-frequency magnetoconductivity for a double-layer electron—hole system

is calculated at finite temperature. The formalism rests on the temperature Green’s function
and Kubo’s formula for conductivity. It is found that at frequencies higher than the cyclotron
frequencies of electrons and holes, the frequency-dependent electromagnetic absorption exhibits
oscillatory behaviour. The maxima in the absorption coefficient correspond to a situation where
the photon energy is approximately the sum of the energies of the electron pair and the hole
pair which are simultaneously excited by the radiation field.

1. Introduction

Recently, there has been considerable interest, both theoretically and experimentally, in
the coupling effects of two isolated, parallel quasi-two-dimensional electron gases [1-10].
For the simplest such structure, the double quantum well (DQW), recent experiments [1]
have suggested that interwell interaction can dramatically alter the single-electron levels
in samples with thin tunnelling barriers. Even in a DQW with negligible tunnelling, new
fractional-filling states in the extreme quantum limit have been investigated on the basis of
the interlayer electron—electron interaction [2, 3]. Such a direct mechanism is also believed
to play a crucial role in the interlayer momentum relaxation at low temperatures and for
short interlayer separations [7—-9]. Furthermore, it has been shown [11] that at low electron
concentration, the interlayer Coulomb interaction is particularly strong, and hence that one
must take into account the short-range exchange—correlation effect in order to remove the
consistent discrepancy of several orders of magnitude in the transresistivity between the
experiment and the RPA calculation. More recently, such a double-layer system was used to
study the Coulomb gap in the interlayer tunnelling in a perpendicular magnetic field [12—14].
While the DC transresistivity (with or without a quantizing magnetic field) has been

extensively studied theoretically, there has been very little work done on the frequency-
dependent interlayer momentum and energy relaxation. Due to the development of state-
of-the-art techniques such as application of free-electron lasers, investigation of electron
transport and electromagnetic absorption in the high-frequency region (of the order of
terahertz) has been made possible. Therefore, knowledge of the high-frequency transport is
increasingly required. In this paper we will study the frequency-dependent electromagnetic
absorption (or optical transresistivity) for an electron—hole double-layer system subject to
a perpendicular constant magnetic field. The quantity that we will calculate is the real
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part of the optical conductivity Re[,(w)] which is a direct measure of the energy loss

of photons in the double-layer system. We found that the absorption coefficient exhibits
pronounced oscillations due to the discrete nature of the excitation energy of the electron
pair and the hole pair (or more appropriately, the pair excitations on the electron layer and
the hole layer). This discrete excitation energy causes the long-wavelength photon to be
resonantly absorbed when its energy is in the vicinity of the total energy of the electron pair
and the hole pair. The present electron—hole structure is an ideal system in which to study
the frequency- and magnetic-field-dependent photon absorption. Owing to the difference
in charge and mass between the electron and the hole, the electron—hole interaction can
provide charged particles with simultaneous energy and momentum relaxations.

2. General formalism

Let us consider a double-layer system containing an electron layer and a hole layer. The
separation between these two layers is taken to. B&e will ignore the interlayer tunnelling.

The coupling due to Coulomb interaction will be taken into account in both the interlayer
momentum relaxation and the selfconsistent screening. The system is subject to a constant
magnetic field along a direction perpendicular to the layer which is taken to hedkis.

In the Landau gauge, the single-particle wavefunction can be written as

Yo, (1) = €975 (x — X) 1)

where ¢, (x — X) is the solution of a linear harmonic syster, = p,/? is the centre
coordinate of the cyclotron motion ard= ./1/eB is the magnetic length. Here we have
seth = ¢ = kp = 1 for notational convenience. The spin splitting has been ignored
throughout this paper [15]. We shall also ugse= (n, p,) as the composite quantum
number. The layer index can be eithee (for the electron layer) ok (for the hole layer).
The single-particle energies are simply given by the Landau lesfelss (n + 1/2)ws.
Herew., = |es|B/my.

In the second-quantized notation, the Hamiltonian of the many-body system can be
written as

H = Ho+ H; @
where
Hy = Zegclscm. @)
o,s
The interaction energyi; is given as
1 4 1
Hr = E Z Z Z V;‘i’aﬁf” (Q)C&‘vcgs’cﬂ/‘x’ca’x (4)
a0’ BB gss'

wherecls (cqs) denotes the creation (annihilation) operator for the state of quantum number
a on layers, and these operators obey the following anti-commutation rule:

fews@.cl@] = buwtis. (5)

=T

In equation (4),V;;’,ﬂﬂ,(q) is the interaction matrix, given as

Vs (@) = V(@) Faw (Yg) Fym (Yy) (6)
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where V**(q) = 2ne?/kq and V**' (q) = —(2ne?/kq)e 9% if s # s'. « is the background
dielectric function. The form factoF,, (Y) is given as

2%-n_! . "o i12 Y2
FarYy) =[5 [(qerqu)E} exp{7<qy—2ky)qx}e VL0 (V) Sty kg,
@)

wheren_ (n-) is the smaller (larger) of andn’ and¥, = ¢?/%/2. L (Y,) is an associated
Laguerre polynomial.
We now write down the finite-temperature Green’s function for the system:

G (1, T) = —(Tyfeas (T)el, (1)} ®)

where T, is the time ordering operator. On performing a partial Fourier transform with
respect tor — 7/, the Green’s function in the energy representation is givewas; (¢)
with ¢ = (21 + L)k T (I = any integey being the Matsubara frequency:

1 vr N Ab(—1") ’
Gao/s(é‘l) = E /1 d(T 1) e Gows(T, 7). (9)
-yT

For a noninteracting system, the Green'’s function is clearly diagonal in both the Landau
level index and the centre coordinate:

S

ICZ — €qus

G2 (&) = (10)

3. Evaluation of the frequency-dependent conductivity

Within the linear response theory, the ensemble-averaged electrical current density can be
written as

2
nge
hrn==% —

N

'/dzr’/ dt’ ([ (r, 1), ju(@ O A, (' t —1).
0

(11)
The nonchromatic electromagnetic radiation field is given as

A(r, 1) = Ak, w)dFr—ier
E(r,t) =iwA(r,1).

SubstitutingA(r, t) in equation (11), we obtain the wavenumber-dependent current density:

2
Tk, 1) = {— Y ”nsf

s s

8w + i/ di’ € (L (k, 1), ju(—k, 0)])} Ay(k,t —1) (12)
0

which leads to the following result for the conductivity:

w Jo

nge? 1 (> i
k, o) = : v+ = dr’ € ([j.(k,t), j,(—k,Q . 13
o (k, ) {meu / i e Lk, 1), >]>} (13)
The current density operator of the double-layer system is defined as

0V RV
1//<r> w(%( )}

€2 ~
Y — A )Y (r) (14)
mg

s

Ju(r) = 2| {Vf (r)
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where A is the vector potential for the static magnetic field, apdr) (wj(r)) is the
destruction (creation) field operator for thdayer:

Yo(r) = ) Casy(x — X). (15)
We now obtain
. eg .
Juk) =3 0 —=clcpsdyy p vk Zis (k) (16)
aBs S

where
Z} (k) = / dx e B3 (—id/0x — ko),
Z[Xﬁs(k) = /dx eiikAx‘Pn(py +ky/2—eBx)py.
The current—current correlation function can now be written as

(ks ) = /O A’ € ([ (k. 1), jo (—k, O)])

€5y v
= Y -zl () Kapsaps (@) 2 5y () (17)
m ’
aa’ﬁﬁ/ss’ 5 S
where
oo .
Kaﬁs;afﬂrsf(a)) =i / dr ela)t<[cl};s (t)cﬂs (), CI/S/ (O)Cﬁ’s’ (O)D (w=w+ |0) (18)
0

The conductivity components are now given as

o (k. ) = Z ine? n E Z esey

S myw w apsiaB's’ msmy

x [é[«/n FAF (Yo — VA E ()] — kx:|

X [é[ vm' + 1Fm,m’+l(Yk) - \/WFm,m’—l(Yk)] - kxi|

X Kopsiarprs (@)8p, p,+k, (19)
1 (2% [ * *
oyko)== Y [2—[«/;1 F1F} 1 (Ye) — V' Fl L (Y)] — kx]
afs;a’B's’ msms !
1
X |:(py + ky/z)Fm,m’(Yk) - E[ vm' + 1Fm,m’+1(Yk)]
+ m,Fm,m’l(Yk)]i|Kaﬂs;a’ﬂ’s’(a))ap‘./,pv+kv (20)
whereY;, = (kI)?/2. The functionk () can also be written as [17, 18]
. dw T
Kaﬂs;ot’ﬂ’s’(a)) =1 / m a- e/ )waﬁs;a/ﬁ’s’(w) (21)
and
\paﬂs;a’ﬂ/s’(w) = Z eXp((Q - /’LNy,sl - Ey,xl)/T)(VS1|CI,‘Y(0)Cﬂs(O)|V/52>
yy'sis2

x (y's2lcl (0)ep (0)|ys1)8(w — Eyr s, + Ey ) (22)
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wherepu, (N;) is the chemical potential (particle number) of théayer. We now define the
finite-temperature Green’s function:

Megsarprs ) = (Tu{ch, (w)cps (el (0)cps (0)}) ~Tl<u<r?t (23)

where
(0) = Tr{exp((Q + 3w, + H)/T) 0}

and T, is the time ordering operator, and

cls(u) = exp(u (H — Z M5N5>>Cls exp(—u (H — Z Mst))-

It is easy to show [17] that the Fourier transformationMfu) is directly related to the
function ¥ (w) via

1T dw’ ,
Maﬁs;a’ﬁ/s’(wn) = / du elw,,u (xﬁs a'ps’ (u) = / v — o a- eiw/T)lpaﬂs:a’ﬂ’x/ (w,)
0 n

) (24)

Next we shall evaluate the finite-temperature Green’s funciitiiw,) and then carry out
the analytical continuation to obtain the current correlation funcka@m). The method for
calculatingM (w,,) in the perturbation theory is standard and well documented [16, 17]. We
shall only outline the essential steps for applying the method to the double-layer system.

X s X g X
s C[ +0, cl + O g Oy
d p+q p+q
[’, s s
Lo, C!—[;D“ C; O QI‘"O‘
P s
pP-q p+q
Gro,
s s p
& Gro,
X p X p X
(@ (b) (©) (d)

$
4
P

®

Figure 1. A class of diagrams which contribute to the high-frequency conductivity.

In the interaction picture, the Green’s function can be written as
Mapsarprs ) = (Tu{ch )cps W)cl, (0)cpy QU 0)})o/ (U (0)o. (25)
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Figure 2. The effective Coulomb interaction.

Here

()l el (o))

and

vO =3 Y fo My - fo "ty T (Hr ) - Hy ). (26)

A perturbation expansion fod (u) can be obtained with the use of Wick’s theorem.
We then sum again all diagrams which contribute to the conductivity when the number
of particles in the Bohr sphere is large. In thigh-frequency and long-wavelength limit
only the diagrams given in figure 1 contribute to the conductivity. In figure 1, solid lines
represent the electron propagators, crosses indicates external vertices [16], and wavy lines
represent the fully screened Coulomb interactions as indicated in figure 2 and given by the
following integral equations:

v (g, am) = VU9 + ) V(@ T(g, an)v ™ (g, o) (27)
where
My(g, @) =T Y | Fuw @Y Galt)Gor (& + ). (28)
oo’ !

Herew, = i2mnT is a boson Matsubara frequency with being any integer. Equation
(27) can be solved to yield the following expressions for the effective Coulomb interactions:
V@A = (VM) = V(@)Ti(g, »)

v (q, w) = D(q. ) (29)

and

Vvhe(q)
he _
V) = )

(30)
and similar expressions far* andv¢". In the above equatio)(g, w) is the determinant

of the dielectric tensor, given as

D(q,w) = (1 — V(I (q, ®))(1 — V(@) (q, )
— V)V ()T (q, ©) (g, ). (31)
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The optical conductivity (0, w) is now given as

ine? 1 eeg [0 —— —
Oxx (w) = — 4+ — Z _[ n+ 18n,n’+1 - n/an,n’fl]
mw w afsial s’ msmy 2

|:_[Vm + 1 8mm+1_\/_8mm 1]:| afs;a’B's /(wn)‘sp\ Dy (32)

esey |
o‘xy(a)n) = Z |:Z[ vn+ 15;1,n’+1 - \/”78n,n’1]:|

wy aBsia B's' mgny

X |:[7) mm’ _[Vm + 5mm+1+ vim Smm’ l]:| aﬂsaﬁs(wn)gp‘ Py
(33)

The absorption of electromagnetic waves by the electron—hole system is only determined
by o..(w) which will be evaluated below (the Hall conductivity, can be calculated in
a similar manner). We now calculate the conductivity according to the diagrams given in
figure 1. The contribution from diagram (a) is simply

2

e‘n 2w
Z_XS: my w2 — w? —a)z (34)
and the contribution to the optical conductivity from diagrams (b)—(d) is given as
= Z m2 (wZ 602)2 Z(qx wy, + qva)m)T Z Uss(q (xm)

x [Ms(q, otm + wn) — (g, am)] - (35)
With the use of equation (27), it can be rewritten in a more symmetric form:

a 1 ef 1
=0 2 w2 R a2 el

X T 0" (g, )" (@, &m + @) [TT5(g, et + @) — T5(q, )]

X [Hs’(q: Uy +a)n) - Hs’(CIs am)] . (36)
The contribution from diagrams (e) and (f) can be written as
-1 egey 1
e—f _ = s€s 2.2 2 )
Oy o ; mom, (wgg — a),%)((,()fs, — (1)3) ;(Clan + qya)cswcs)

X T Z U”/(C], am)vS/S(Qa (097 + wn) [Hv(q» Oy + wn) - Hx(Qa O5m):|

X [ns’ (6]» U + a)n) - ns’ (6]’ am)] . (37)
The optical conductivity can now be written as

ine? ine? a) 1 e 1
Oxx = me_zmw(wz_w2)+_zm_s(w§s_w3)

ss'q
€s €y ] 2 2
X — q.,w
{ [m (@4 —f)  mge(@f —wd) "

€5Wcs €5 Wey' 2
+ 2 2 2 qya)cs
ms(a)m - a)n) nmg (w - Cl)n)

cs’
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X T v (g, am)v" (q, i + 0n) [T15(q, o + @) — T (g, )]

m

X [Hx’(Qv (67 + a)n) - HS’ (6]’ am)] . (38)

The above result shows cancellation of all contributions which do not simultaneously have
an electron pair and a hole pair in their final state. Thus, the intralayer interactions (electron—
electron and hole-hole) do not contribute to a long-wavelength photon absorption, except
in the selfconsistent screening.

We now first perform the summation over, then the analytical continuation to obtain

ine? ine2w? 1 e, 1
U”(w):z__ %—}_— (2 _ o 2Y
— My — msw (0, — %) o g ms (&, — w?)

x { [ & - o ] q2w?
ng (a)gs - w2) m‘v’(wczx/ - w2) !

€5Wes €y Wey' 2 P X
_ s { =— | dx coth{ —
! [mxwfs—w% msf(wfs,—wZ)]qyw }Zm/ (2T>

5 { [ (g, x* + @) — T,(g, xD)] [Ty (g, x+ + @) — T, (g, x1)]

VS (@)

D(g,x")D(gq, x" + w)

[Hs(qvx+ + w) - Hs(‘]9x_)] [Hs’(qvx+ + w) - Hs’(qvx_)]
D(q,x7)D(q, x* + o)

} . (39)

Here, P stands for the principal value and = x &+ in (y — 0). We now write the
conductivity in terms of electrons and holes:

O (@) = 00 (@) + o (@) (40)
where

0 5 1 1 ]
0., (w) =ine‘w [me(wz — o) + (@2 — ) (41)

and

1 ¢ + ¢ 2 Q)
) o 2 2
S 1%
0 (@) » Zq: V=@l [ [me(a)2 —w2)  my(w? wcz‘h)i| .

2
eWee ewe, o P X
— | dx coth{ —
+ [me(a)2 — w?) + my(w? — wfh)] qy} 27i / <2T>
< [HE(q’x+ +(1)) - HE(qvx+)] [Hh(97x+ + Ll)) - Hh(qs x+)]
D(g,x")D(q,x* + )

[He(q’ x+ + C()) - He(q’ xi)] [Hh(f], x+ + CL)) - Hh(‘]» xi)] (42)
D(q,x7)D(q,x" + ) '

Here w., = eB/m, andw., = eB/my. It can be seen tha:tfx(w) is pure imaginary and
ol (») is complex.
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4. Electromagnetic absorption

In the following, we are only interested in the absorptive part of the conductivity,
Refo,, (®)] = Re[o}, ()], which is given as

_l eh 2 ¢ ¢ 2 Z0?
Ref., ()] = w;W @] {[mg(wz_wgg +mh<w2—w§h>] =

+ €Wce + €Wcp 2
Mm@ —w2) " mp@? -y P

« g/dx [coth(zx—T) _ coth(x;Tw>:| Flx,x + o) (43)
where
F(x,x + @) = 2(Fy + Fa+ Fa)
with

F1 = [T} (g, x + ®)T1(g, x) + T} (g, )11} (g, x + @) D' (x + @) "D (x)*

and

Fp = [T0;(q. x + ®)TI(q. x + ) + T} (g, )T (q. x)| D7 (x + 0) D~ (x)’

and

F3=— [I"I,If(q, x + o) — TR (g, x)] [Hf(q, x +w) — Tk (g, x)] D x + w)' D7 (x)!
+ [MR (g, x + ) = If (g, 0] [D7x + ) D7) T (x + w)
- D 'x+ o) DH)RIL()] + [T (g, x + ) — 1 (g, )]
x [D7Mx + @)D ) T (x + @) — D™Hx + 0)' D™Hx) R} (x) ]

where AR (A7) refers to the real (imaginary) part df, and D~2(x)® should be understood

as (1/D(x))®. Equation (43) is the central result of this work. It can be evaluated
analytically (in limiting cases only) or numerically for any value of the magnetic field,
layer separation, and electron—hole mass ratio, and at any temperature. To avoid the
nonphysical behaviour arising from the singular nature of the density of states, it is essential
to include from the outset the level broadening due to disorder. Here we assume that
the level broadening is due to the short-range scatterers which can be treated within the
selfconsistent Born approximation (SCBA) [18]. In our numerical calculation, we have
used the following parameters for a typical GaAs—AlGaAs-based double-layer system:
m, = 0.067mg, n, = n, = 3.3 x 101 ecm2, k = 129, kra = 1.0. The scattering

rate appearing in the SCBA [18] is taken to Bg = 0.07./B meV which corresponds to

the electronic mobility ofu = 10° cn? V~! s71. We have also assumed tHig is same

for both the electron layer and the hole layer. This assumption is probably not true for a
real system, but is not essential to our work. The result (43) can be applied to any system
when real parameters are given.

5. Results and discussion

In figure 3 we present the numerical result for the normalized high-frequency absorption
coefficient Ref,, (»)]/o0 (w). The absorption coefficient decreases with the radiation
frequency as expected in a quantum electronic system. However, this overall decrease
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Figure 3. The real part of the optical conductivity in units @f, (w) as a function of the photon
frequency. Hereo., = 1 meV,my,/m, = 2.0, o = 0.07v/B meV, T = 2.2 K.

with frequency in the present system is not monotonic. The absorption exhibits quantum
oscillation while it decreases with the radiation frequency. The absorption has a maximum
when the photon energy is approximately the sum of the excitation energy for an electron
pair and a hole pair. This behaviour is depicted in figure 3 whgre= 1 meV and the
mass ratio is 2, in which case the Landau level separation for the hole layer is half of that
of the electron layer. Our findings are as follows.

(i) At o ~ 1.5 meV = w. + o, the photon can be strongly absorbed due to the
simultaneous excitation of an electron pair (of ene#gy) and a hole pair (of energy,,).

(i) At w ~ 2 meV, an electron pair (of energy..) and a hole pair (of energy«;)
can be excited and strong absorption occurs.

(i) The maximum absorption actually occurs at energies slightly higher than the bare
excitation energies of electrons and holes (e.g. the actual maxima are at 2.1, 2.55, 3.15, 3.58,
4.15 meV etc). This shift is mainly due to the frequency- and magnetic-field-dependent
screening and the mixing of various contributions fréand F5;. The effective-mass shift
due to the self-energy correction has a rather small effect on the positions of the absorption
maxima. If one applies the static screening approximation, the absorption maxima will
occur at energies very close to the sum of bare excitation energies of electrons and holes.

(iv) The situation at higher frequency is slightly more complicated, as several different
processes can all contribute. For exampley at 3 meV (or 3.15 meV to be more precise),
an electron pair of energy.. together with a hole pair of energyw4, can be excited.

The excitation of an electron pair of energy.2 with a hole pair of energya., will also
contribute to the resonant absorption at around this frequency.

In general, the positions of the maximum absorption (which are determindd’ bwy)) at

a given frequency arising from different processes are not exactly the same, due the same
effects as are described in (iii). If this separation is large enough, a split in the absorption
maximum can be observed (see figure Zadround 4 meV).
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Figure 4. A plot of (w — wL.g)a_fx(w)/afx(w) as a function of the photon energy for the same
parameters as were used in figure 2.

To further demonstrate these quantum oscillations, we multiply the absorption by
w — we and plot the result in figure 4. This procedure effectively removes the envelope
function which decreases rapidly with the frequency, and brings out clearly the oscillatory
behaviour of the electromagnetic absorption.

It should be pointed out that the nonphysical behaviour of the electromagnetic absorption
nearw. andw,, is an artifact of the present formalism which is essentially valid in the
high-frequency regime. To extend this result to near the cyclotron energy, one needs
to sum again all the ladder diagrams which contribute to the conductivity. The present
result represents the leading-order expansion in the Drude-type magnetoconductivity in
terms of the parameters/ — w..)t and ¥ (w — w.,)T. There is a recent paper [19]
which deals with such contributions due to ladder diagrams. These ladder diagrams
play a crucial role in the conductivity at low frequencies and especially in the DC limit.
However, in the high-frequency limit, the contribution from these ladder diagrams becomes
negligible [17, 18]. As has mentioned above, each additional ladder contributes a factor
of 1/(w & @)t OF Repl]/aP. In the frequency regime of interest, say> 1.3w..,
this quantity is indeed a small quantity, of the order ot 302 (see figure 3). Therefore
the lowest-order ladder diagram contributes a term of the order of, 1 quantity that
can be safely ignored. Of course, this high-frequency approximation will result in the
above-mentioned nonphysical behaviour near.

The result (41) exhibits full symmetry between the electrons and holes. If the hole mass
can be treated as infinitely heavy, we should recover the results for an electron—impurity
system. However, this limit must be approached with care. The charge-carrying holes,
besides providing momentum relaxation, contribute to the electric current in two ways:
(i) they carry current themselves, which becomes negligible at large hole mass, and (ii) they
participate in the selfconsistent screening, which for large hole mass manifests itself in the
retaining of the contribution to the static screening which influences the conductivity at low
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and intermediate frequencies. As the hole mass becomes much heavier than the electron
mass, we have

I, (q, x + ) £ (g, x) > £ind(x) (44)
and we must also €, be equal to zero everywhere in the dielectric function to obtain
1 eh 2,2 2 2 2 1
Refo (w)] = 2@ — )2 Xq: VDI (gr0° + gyor,) Im ! (45)

wheree(q, w) = 1 — (2re?/kq)11.(q, w). This is the familiar form of the high-frequency
magnetoconductivity for an electron—impurity system.

In conclusion, we have calculated the electromagnetic absorption for an electron—hole
double-layer system under a constant magnetic field. An oscillatory frequency-dependent
absorption is obtained which has its origin in the resonant excitation of an electron pair
and a hole pair. While most experiments were carried out in the DC limit, it is our hope
that this work will stimulate experimental measurements on this interesting system in the
high-frequency regime. With the latest development of state-of-the-art technigues such as
the application of free-electron lasers, it is now possible to perform such a frequency-tunable
measurement in the frequency regime around and above the terahertz level.
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